Abstract. Let λ be an integer, and f (z) = n≫−∞ a(n)q n be a weakly holomorphic modular form of weight λ + 1 2 on Γ 0 (4) with integral coefficients. Let ℓ ≥ 5 be a prime. Assume that the constant term a(0) is not zero modulo ℓ. Further, assume that, for some positive integer m, the Fourier expansion of
n has the form
where d 1 , . . . , d t are square-free positive integers, and the operator U ℓ on formal power series is defined by
a(ℓn)q n .
Then, λ ≡ 0 (mod
2 ). Moreover, iff denotes the coefficient-wise reduction of f modulo ℓ, then we have
where θ(z) is the Jacobi theta function defined by θ(z) = n∈Z q n 2 . By using this result, we obtain the distribution of the Fourier coefficients of weakly holomorphic modular forms in congruence classes. This applies to the congruence properties for traces of singular moduli.
Introduction
The distribution of the coefficients of half-integral weight modular forms in congruence classes is related to the study of the congruence properties for various objects such as the algebraic parts of the central critical values of modular L-functions, orders of Tate-Shafarevich groups of elliptic curves, the number of partitions of a positive integer, and so on. With such diverse applications, this subject has been studied in the works of Bruinier [7] , Bruinier and Ono [8] , Ono and Skinner [21] , and Ahlgren and Boylan [1, 2] .
Vignéras [26] proved that if f is a modular form of half-integral weight on Γ 1 (4N) whose coefficients are supported on finitely many square classes, then f is a linear combination of Shimura theta series (a different proof of this result was given by Bruinier [6] ). For a prime ℓ, the mod ℓ extension of a characteristic zero theorem of Vignéras can be considered as a classification of the modular forms f (z) = ∞ n=0 a(n)q n of half-integral weight having Fourier expansion of the form
where q = e 2πiz for a complex number z in the complex upper half plane H and d 1 , . . . , d t are square-free positive integers. Modular forms of half-integral weight having Fourier expansion of the form (1.1) play important roles in proving many of the above theorems.
In this vein, this paper studies f |U ℓ m with Fourier expansion of the form (1.1) for a weakly holomorphic modular form f on Γ 0 (4), and then obtains the distribution of the Fourier coefficients of weakly holomorphic modular forms in congruence classes. Here, the operator U ℓ on formal power series is defined by
Further, we apply this result to the congruence properties for traces of singular moduli. Let M ! k denote the space of weakly holomorphic modular forms of weight k on Γ 0 (4) with trivial character. Throughout this paper, we assume that ℓ is a prime larger than or equal to 5. For a weakly holomorphic modular form f = n≫−∞ a(n)q n with integral coefficients, we denote byf the coefficient-wise reduction of f modulo ℓ.
In the following theorem, we prove a sufficient condition of weight λ + for weakly holomorphic modular forms f ∈ M ! λ+ 1 2 with λ ∈ Z such that f |U ℓ m is supported on finitely many square classes modulo ℓ for some positive integer m, and then we show that, for such a form f , the limits lim m→∞f |U ℓ 2m and lim m→∞f |U ℓ 2m+1 are convergent to a(0)θ or a(0)θ
, where θ is the Jacobi theta function defined by θ(z) = n∈Z q n 2 .
Theorem 1.1. Let ℓ ≥ 5 be a prime and λ be an integer. Let f (z) = n≫−∞ a(n)q n ∈ M ! λ+ 1 2 be a weakly holomorphic modular form with integral coefficients. Assume that the constant term a(0) is not zero modulo ℓ. Further, assume that, for some positive integer m, the Fourier expansion of f |U ℓ m has the form (1.1). Then, λ ≡ 0 (mod
). Moreover, we have
Let M be a positive integer. With the same notation as in Theorem 1.1, we say that the Fourier coefficients of f are well-distributed modulo M if for every integer r, we have
Bruinier and Ono [8] proved, for a prime ℓ ≥ 5, that if the cusp form f does not have Fourier expansion of the form (1.1), then, for each positive integer j, the Fourier coefficients of f are well-distributed modulo ℓ j . Thus, the classification of modular forms having the form (1.1) can be applied to the study of the distribution of the coefficients of modular forms in congruence classes modular ℓ j (for example, see [1] and [11] ). In this vein, we prove the following theorem. 
where ω Q = |PSL 2 (Z) Q |. In [27] , Zagier showed that
is a weakly holomorphic modular form of weight 3 2 on Γ 0 (4). The congruence properties for traces of singular moduli were studied in several articles such as [4] , [5] , [16] , and [24] . In the following corollary, we consider the distribution of traces of singular moduli modulo powers of a prime ℓ ≥ 5.
The remainder of the paper is organized as follows. In Section 2, we introduce some preliminaries for the filtration and distribution of the Fourier coefficients of modular forms of half-integral weight. In Section 3, we prove Theorems 1.1 and 1.2.
Preliminaries
In this section, we introduce some notions and properties concerning mod ℓ (weakly holomorphic) modular forms and prove some lemmas needed to prove the main theorems. Especially, for Γ 0 (4), we extend the properties for the filtration of a modular form of integral weight to a modular form of half-integral weight. 
In this paper, we use the convention:
, we define the slash operator
Z and N be a positive integer. Let χ be a Dirichlet character modulo 4N. A function f on H is called a weakly holomorphic modular form of weight k on Γ 0 (4N) with character χ if it is holomorphic on H, meromorphic at the cusps, and satisfies
We say that f is a holomorphic modular form if it is holomorphic at the cusps, and a cusp form if it vanishes at the cusps. We denote by M k the space of holomorphic modular forms of weight k on Γ 0 (4) with trivial character.
2.2.
Filtration for mod ℓ modular forms of half-integral weight. Let N be a positive integer with ℓ ∤ N. The theory of mod ℓ modular forms of integral weight was established by Serre [22] and Swinnerton-Dyer [23] for modular forms of level 1. Their results were generalized to modular forms of higher level by Katz [20] and Gross [15] . For a modular form f on Γ 0 (N) with ℓ-integral coefficients, the filtration ω ℓ (f ) of f modulo ℓ is defined to be the infimum of k ∈ Z ≥0 such that there is a modular form g of weight k on Γ 0 (N) with ℓ-integral rational Fourier coefficients satisfying f ≡ g (mod ℓ). The theory of mod ℓ modular forms of integral weight gives several properties for the filtration of mod ℓ modular forms.
In the following theorem, we summarize some well-known properties of the filtration for modular forms of integral weight. For the details, we refer to [17, Section 1].
Theorem 2.1. Let ℓ ≥ 5 be a prime and k be an integer. Let f be a modular form in M k . Then, we have the following.
In this subsection, for Γ 0 (4), we extend the properties for the filtration of a modular form of integral weight to a modular form of half-integral weight. Suppose that f is a modular form of weight in Z + 1 2 on Γ 0 (4) with ℓ-integral rational Fourier coefficients. The filtration ω ℓ (f ) of f modulo ℓ is defined to be the infimum of k ∈ 1 2 Z ≥0 such that there is a modular form g ∈ M k with ℓ-integral rational Fourier coefficients satisfying f ≡ g (mod ℓ). Then, the filtration satisfies some properties that are analogous to the properties of filtration for modular forms of integral weight. Proposition 2.2. Let ℓ ≥ 5 be a prime, and k, k 1 , and k 2 be elements of 1 2 Z.
(1) For a modular form f ∈ M k and a positive integer m,
(2) For a modular form f ∈ M k and a positive integer m,
, there is a modular form g on Γ 0 (4) such that g ≡ f |U ℓ (mod ℓ). Moreover, we have . This implies that
On the other hand, we let k 0 = ω ℓ (f θ m ). Then, there is a modular form F ∈ M k 0 with ℓ-integral rational Fourier coefficients such that
We define f 0 = F θ m , which is a weakly holomorphic modular form with ℓ-integral rational coefficients. It has a possible pole only at the cusp 1 2 . Let us note that f 0 ≡ f (mod ℓ) by (2.1). By the q-expansion principle, the Fourier expansion of f 2 0 at 1/2 is congruent to that of f 2 at 1/2 modulo ℓ (for example, see Ramark 12.3.5 in [14] ). Since ℓ > 2, f 0 and f have the same Fourier expansion at 1/2 modulo ℓ. Thus, we see that at the cusp 1 2 , f 0 has Fourier expansion of the form
for some ℓ-integral coefficients a(n).
Note that from Ligozat [19] we find that the function
is a modular function on Γ 0 (4) having a pole only at the cusp 1 2 . At the cusp 1 2 , it has a simple pole whose residue is 1. Then, there is a polynomial P with ℓ-integral coefficients such that
is a holomorphic modular form in
. Moreover, it is congruent to f modulo ℓ. This implies that
(2) Let m ′ be a positive integer such that the weight of f θ m ′ is an integer. Then, by (1) and Theorem 2.1 (2), we see that
This gives the desired result. (3) Since ℓ is an odd prime, f · θ ℓ is a modular form of integral weight on Γ 0 (4). Then, there is a modular form F of integral weight k on Γ 0 (4) with ℓ-integral rational Fourier coefficients such that
Note that
Here, we used the fact that θ ℓ |U ℓ ≡ θ (mod ℓ). We define
which is a weakly holomorphic modular form with ℓ-integral rational Fourier coefficients. By the same argument as in the proof of (1), there is a polynomial P with ℓ-integral coefficients such that
, where g is the modular function defined in (2.2). Furthermore, we have
Now, we consider the filtration of f |U ℓ . By (2.3), we obtain
Therefore, by Theorem 2.1 (3), we see that
for some integer t. By (1) and (2.4), we obtain
From this, we have
(4) Let m be an integer such that the weight of f θ m is an integer. Then, by Theorem 2.1 (1), we see that
Distribution of Fourier coefficients modulo a prime ℓ.
In this subsection, we review results related to the distribution of the Fourier coefficients of modular forms of half-integral weight.
In [8] , Bruinier and Ono studied the Fourier coefficients of a modular form of half-integral weight modulo powers of a prime. They proved the following theorem. on Γ 0 (4N) with character χ and that its Fourier coefficients are integral. Let ℓ be an odd prime and j be a positive integer. Then, at least one of the following is true:
(1) The Fourier coefficients of F are well-distributed modulo ℓ j . (2) F has Fourier expansion of the form (1.1).
Ahlgren and Boylan [1] proved bounds for the weight of a cusp form having Fourier expansion of the form (1.1). In the proof, they used the Shimura lift and the theory of Galois representations. In [9] , the first author used only the theory of modular forms modulo ℓ to reprove these bounds. Later, the first author and Kilbourn [12] improved these bounds. Since the theory of modular forms modulo ℓ can be applied to any holomorphic modular form, the bounds in [1, 9, 12] can be extended to holomorphic modular forms. For the convenience of the reader, we state the result for these bounds. • λ ≥ 2 is an integer.
• ℓ ≥ 5 is a prime.
• F is a modular form of half-integral weight such that
• F ≡ 0 (mod ℓ), and there are finitely many square-free integers n 1 , . . . , n t such that
If we write λ =λ + ι λ (ℓ − 1) with 0 ≤λ ≤ ℓ − 2, then the following are true:
(1) If ℓ ∤ n i for some i, thenλ
, thenλ
Furthermore, the following lemma was proved in the proof of Proposition 5.1 in [3] .
Lemma 2.6. [3, Proposition 5.1] Let ℓ ≥ 5 be a prime and λ be a non-negative integer. Let K be a number field, and ν be a prime ideal of
on Γ 0 (4) with trivial character. Suppose that f has Fourier expansion of the form (1.1) and f ≡ 0 (mod ν). Then, we have
For the reader's convenience, we briefly review the proof of Lemma 2.6.
Proof. We may assume that for each 1 ≤ i ≤ t, there is a positive integer n i such that a(d i n 2 i ) ≡ 0 (mod ν). By the argument in Lemma 4.1 of [1], we can find odd primes p 1 , . . . , p s and a cusp form
Then, g 
By Theorem 3.1 of [3] , we have
2.4.
Mod ℓ weakly holomorphic modular forms. In this subsection, we review results, for a given weakly holomorphic modular form f , constructing a holomorphic modular form involving coefficients of f modulo a power of a prime. They play important roles in applying congruence properties for holomorphic modular forms to weakly holomorphic modular forms.
Let f (z) = n≫−∞ a(n)q n be a weakly holomorphic modular form of weight λ + 1 2 on Γ 0 (N) with integral coefficients. Let ℓ ≥ 5 be a prime such that ℓ ∤ N. Treneer proved in [24] that if m is sufficiently large, then for every positive integer j, the form f |U ℓ m is congruent to a holomorphic modular form g of weight λ +
The proof of Proposition 5.1 in [2] implies that there is a holomorphic modular form g ′ of weight λℓ a +
on Γ 0 (N) which is congruent to g modulo ℓ, where a is a positive even integer and t is a positive integer. Let us note that the form g ′ is obtained by considering the image of the product of an Eisenstein series and g under the trace map from Γ 0 (Nℓ) and Γ 0 (N). Then we have the following theorem. on Γ 0 (Nℓ 2 ) with a real Dirichlet character such that
Proof of Main Theorems
In this section, we prove Theorems 1.1 and 1.2.
3.1. Proof of Theorem 1.1. To prove this, we need the following lemma.
Lemma 3.1. Let ℓ ≥ 5 be a prime. Suppose that f is a modular form with integral coefficients in
Proof. By Theorem 2.1 (4), we have
Therefore, if ω ℓ (f ) > ℓ + 1, then we see that 
Since a(0) ≡ 0 (mod ℓ), the modular form g is not congruent to 0 modulo ℓ. First, we show that
From this and Theorem 2.1, we see that
for a positive integer t. Therefore, we have
By the same argument in (2.3), we see that
By Proposition 2.2(1), (3.4), and (3.3), we have
By repeating the above process, we see that there is a positive integer t such that
Since we have g|U ℓ t ≡ (f |U ℓ m+m 1 )|U ℓ t (mod ℓ), by the hypothesis (1.1), we see that the Fourier expansion of g|U ℓ t has the form (1.1). The inequality (3.5) implies that, in the notation of Theorem 2.5, we haveλ = λ and ι λ = 0. Thus,
for some ℓ-integral rational constant c ≡ 0 (mod ℓ), since M 3/2 is a one-dimensional vector space containing θ 3 . We consider the theta operator defined by
3.2. Proof of Theorem 1.2. Assume that f (z) = n≫−∞ a(n)q n is a weakly holomorphic modular form in M ! λ+ 1 2 with integral coefficients such that λ ≡ 0 (mod
). Let us fix a positive integer j. Theorem 2.7 implies that there exists a positive integer m 0 such that, for m ≥ m 0 , we can take a cusp form f m,j on Γ 0 (4ℓ 2 ) satisfying
where the operator V ℓ on formal power series is defined by To prove Theorem 1.2, we need the following lemma. This means that
